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Abstract
As an example of a black hole in a non-flat background a composite static spacetime is
constructed. It comprises a vacuum Schwarzschild spacetime for the interior of the black
hole across whose horizon it is matched on to the spacetime of Vaidya. The scale length
of the exterior sets a maximum to the black hole mass. To obtain a non-singular exterior,
the Vaidya metric is matched to an Einstein universe. The behaviour of scalar waves is
studied in this composite model.
1 Introduction
For more than three decades now, black holes have been investigated in great depth and detail.
However, almost all these studies have focused on isolated black holes possessing two basic
properties, namely time-independence characterized by the existence of a timelike Killing vec-
tor eld, and asymptotic flatness. On the other hand, one cannot rule out the important and,
perhaps, realistic situation in which the black hole is associated with a non-flat background.
This would be the case if one takes into account the fact that the black hole may actually be
embedded in the cosmological spacetime or surrounded by local mass distributions. In such
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situations one or both of the two basic properties may have to be given up. If so, the proper-
ties of isolated black holes may be modied, completely changed or retained unaltered. Black
holes in non-flat backgrounds form, therefore, an important topic. Very little has been done
in this direction. Some of the issues involved here have been outlined in a recent article by
Vishveshwara [1]. As has been mentioned in that article, there may be fundamental questions
of concepts and denitions involved here. Nevertheless, considerable insight may be gained by
studying specic examples even if they are not entirely realistic. In this regard the family of
spacetimes derived by Vaidya [2], which is a special case of Whittaker’s solutions [4], represent-
ing in a way black holes in cosmological backgrounds have been found to be helpful. Nayak
and Vishveshwara [3] have studied these spacetimes concentrating on the geometry of the Kerr
black hole in the background of the Einstein universe, which dispenses with asymptotic flatness
while preserving time-symmetry. In the present paper, we specialize to the simpler case of
the Schwarzschild black hole in the background of the Einstein universe, which we may call
the Vaidya-Einstein-Schwarzschild (VES) spacetime. This allows us to study this spacetime in
considerable detail as well as investigate a typical physical phenomenon, namely the behaviour
of scalar waves in this spacetime as the background.
The rest of this paper is organized as follows. In section 2, we consider the line element of
the VES spacetime and the energy-momentum tensor. In section 3, we match the metric of the
VES spacetime to the Schwarzschild vacuum metric across the black hole surface. Similarly
we match the VES spacetime to the Einstein universe at large distances. In section 4, we
investigate the behaviour of scalar waves propagating in this spacetime. Section 5 comprises
the concluding remarks.
2 The Line Element and the Energy-Momentum Tensor
As mentioned earlier, an account of Vaidya’s black hole spacetimes in cosmological spacetimes
may be found in references [2] and [3]. By setting the angular momentum to zero in the Kerr




















dθ2 + sin2 θdφ2
]
(1)
where m is the mass and the coordinates range from 0  r/R  pi , 0  θ  pi and 0 
φ  2pi. In the limits m = 0 and R = 1, we recover respectively the Einstein universe and
the Schwarzschild spacetime. The parameter R is a measure of the cosmological influence on
the spacetime. As the spacetime is static, the black hole is identied as the surface on which
the time-like Killing vector becomes null, i.e., g00 = 0 above, which is the static limit and the
Killing event horizon. The black hole is therefore given by




We shall now work out the energy-momentum tensor for this metric. The components of the















The Einstein eld equations, including the cosmological term  for generality, although it
could equally well be considered to be included in ρ and p below, are given by
Rab − 1
2
gabR = κTab − gab, (4)
where κ = 8piG
c2
and the Latin indices a, b range from 0 to 3 (Greek indices µ, ν = 1− 3).
The energy-momentum tensor is taken to be that of a perfect fluid,
Tab = (ρ+ p)uaub − pgab, (5)






















The behaviour of ρ and p can be easily ascertained from the above equations.
 > 0:
We nd that ρ, p  0 in some region outside the black hole violating the weak energy condition.
  0:
In this case, ρ > 0 but p < 0 everywhere outside the black hole and tends to zero on it.
However, ρ+ p  0 thereby satisfying the weak energy condition.
For convenience, we take  = 0. Then
ρ+ 3p = 0. (9)
This suggests that the spacetime is a special case of the solutions obeying the condition ρ+3p =
constant discussed by Whittaker [4], and it is easy to check that this is so (it is the case
B = G = λ = 0, c = −2m, α = 1/R, with the time coordinate scaled so that n = 1, in
Whittaker’s notation).
Thus the behaviour of the energy-momentum tensor is reasonable, since in the Einstein
universe itself we have p < 0, while ρ and p satisfy the weak energy condition.
3 Matching to the Schwarzschild vacuum and the Ein-
stein Universe
In this section we shall match the VES spacetime to the Schwarzschild vacuum spacetime on one
side and to the Einstein universe on the other. The possibility of matching to the Schwarzschild
vacuum at the black hole surface, without a surface layer or shell, is strongly indicated by the
fact that the Einstein tensor of the VES spacetime goes to zero on the surface. We shall show
3
that this is indeed possible. In order to do this, we will rst write the line element in Kruskal-
like coordinates, among which we will nd admissible coordinates in which the matching can
be carried out, so that the requirements [5] become simply the continuity of the metric and its
rst derivative.















u = t− r, v = t+ r, (11)























e−r/2mdÛ dV̂ − (R sin(r/R))2dΩ2. (14)




e−rs/2msdÛ dV̂ − r2sdΩ2, (15)
may be recovered from equation (14) by the limit R = 1. As usual the Kruskal coordinates
for the Schwarzschild space cover the whole maximally extended spacetime and not only the
region where the coordinates t, r are valid. Now we proceed to carry out the matching at the
horizons.
The horizon of the VES metric is at r = r0 where 2m = R tan(r0/R). To match to
Schwarzschild at the horizon the angular variables part requires 2ms = R sin(r0/R). Let us
use r0 = R sin(r/R) as the radial variable in the VES region. We can rescale both the Û and
V̂ of each of the metrics by constant factors 4ms/e and 4mR
2e−r0/2m/(4m2 +R2) respectively,








e(2ms−rs)/2msdU dV − r2sdΩ2. (17)
Then we see the metric is continuous if we identify rs and r
0 at the future horizon U = 0, r0 =







































As r ! r0 the product (1− 2mR tan(r/R) ) exp(−24m
2+R2
4mR2




















which is obviously the same as for
drs
dU
in the Schwarzschild metric. Now the derivatives of the












at the horizon, but
dr
dr0












because at the horizon 2m = R tan(r0/R). This completes the matching at the future horizon.
Clearly a similar matching with the roles of U and V applies at the past horizon in a Kruskal
picture.
We may note that matching the metric component g33 yields the relation between the









This clearly exhibits the influence of the cosmological matter distribution on the bare black
hole mass. Figure 1 shows plots of m as a function of ms for dierent values of R. We note
that 2ms  R, so the length scale in the exterior puts a bound on the black hole mass, in a
way which may be analogous with the bound found in [6] for the mass of a black hole in an
Einstein space.
It is also worth emphasizing that a consequence of this matching is that all the horizon prop-
erties, such as the specic gravity, are necessarily the same as those of the usual Schwarzschild
black hole. Whether this is reassuring or disappointing is a matter of opinion. It does not
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Figure 1: Plot of m as a function of ms for dierent values of R
imply, however, that properties which depend on the behaviour in the exterior region, such as
the behaviour of waves, will be the same.
To investigate such behaviours we need a well-behaved non-vacuum exterior. Unfortunately,
the formulae (7) and (8) show that the energy density and pressure of the VES spacetime blow
up as r/R ! pi and this is in fact a naked singularity. To remove it we try to match to the
Einstein universe (which, remember, is a limit of (1)). It is easy to see that the best hope of
doing so without a surface layer is at r/R = pi/2, where we could match both the angular part
of the metric and its derivative. In fact, at this radius the VES line element reduces to






which is the line element of the Einstein universe. The metric components of the two spacetimes
automatically match, without any change of coordinates, and the rst derivative of the angular
parts on both sides vanishes. But the rst derivative of the tt-parts is discontinuous thereby
giving rise to a surface distribution of matter. The components of the corresponding energy-
momentum tensor may be computed following Mars and Senovilla [5]. We nd that this leads
to a trace free tensor.
More specically, the jump in the fundamental form of the r = constant surfaces is
[Ktt] = −m/R2 (24)
and the non-zero components of the δ-function parts of the curvature and Ricci tensor are given
by
Qrttr = −m/R2, Rtt = Rrr = m/R2. (25)
Such a layer might be interpreted as a domain wall.
We now have a composite model consisting of a vacuum Schwarzschild black hole matched
onto the VES spacetime which is itself matched to the Einstein universe.
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4 Scalar Waves
In the last section we constructed a model for a black hole in a non-flat background. The interior
of the black hole consists of the Schwarzschild vacuum. The exterior is the VES spacetime
matched on to the Einstein universe. One can explore black hole physics in the exterior and
compare it with the eects one encounters in the case of the usual isolated black holes. As an
example of such possible studies, we shall consider some properties of scalar waves propagating
in this spacetime. Other phenomena occurring in this spacetime, such as the classical tests of
general relativity and the geodesics, have been investigated by Ramachandra and Vishveshwara
[7].
Because of the time and spherical symmetries of the spacetime, the scalar wave function
may be decomposed as
ψ = eiωtR(r)Y ml (θ, φ) (26)
The limits of the radial coordinate are given by R tan(r/R) = 2m to (r/R) = pi with the
VES spacetime extending from R tan(r/R) = 2m to r/R = pi/2 and the Einstein universe from















ω2 − V (r)
]
u = 0 (29)




























We shall now discuss a few aspects of the behaviour of the scalar waves as reflected by the
nature of the eective potential.
We have drawn V (r) in g.2 for l = 0. The gure shows the corresponding eective potential
for the vacuum Schwarzschild exterior also which can be obtained by setting R = 1. Both
curves start from zero at the black hole and go through a maximum. Thus both potentials
possess potential barriers. As in the case of the Schwarzschild vacuum, now too waves can
be reflected at the barrier while the transmitted part is absorbed by the black hole. On the
other hand, whereas the vacuum potential goes asymptotically to zero, in the present case the
potential becomes negative at r/R = pi/2 and continues as a constant, i.e − 1
R2
, in the Einstein
universe up to r/R = pi. The fact that the eective potential is negative as above raises
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Figure 2: Plot of eective potential V (r) of VES spacetime for R/m = 4 and l = 0. For
comparison the eective potentials of the vacuum Schwarzschild spacetime (dashed line) and
the Einstein universe (dotted line) are also shown.
the possibility of ω2 being negative as well. This would be equivalent to ω being imaginary
thereby giving rise to exponential growth in time of the scalar wave function. This would mean
instability of the model spacetime against scalar perturbations. However, one can see that
negative values of ω2 are ruled out by the boundary condition at r/R = pi. In the Einstein








u = 0. (31)
We note that in the Einstein universe, we have r = r. Furthermore, since R = u(r)
R sin(r/R)
,







has to go to zero faster than sin(r/R) at r/R = pi. This
boundary condition requires that ω2 be positive. Therefore the spacetime is stable against
scalar perturbations.
This is true in the case of vacuum Schwarzschild spacetime as well as the Einstein uni-
verse. However, the stability against gravitational perturbations is a dierent matter alto-
gether. Whereas the Schwarzschild vacuum exterior is stable, the Einstein universe is not [8].
Whether the combination of the two spacetimes is stable, unstable or conditionally stable is an
intriguing open question.
For l > 0, the equivalent potential has the additional term l(l+1)
R2 sin2(r/R)
We sketch V (r) for
l = 1 in gure 3. Once again the potential goes to zero at the black hole and possesses a barrier
region. The additional term goes to innity at (r/R) = pi thereby behaving like a centrifugal
barrier commonly encountered in the scattering phenomenon. The radial function is exponential
wherever the value of V (r) is greater than ω2 and is a running wave when ω2 > V (r). Details
of such solutions can be studied easily.
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Figure 3: Plot of eective potential V (r) for R/m = 4 and l = 1.
5 Concluding Remarks
The motivation for the present work stems from the need for detailed study of black holes
in non-flat backgrounds in comparison and contrast to isolated black holes. A comprehensive
investigation of this problem would be a formidable task indeed. We have conned ourselves
in this paper to a specic example that relaxes the condition of asymptotic flatness while
preserving time-symmetry. The starting point here is the static black hole in the Einstein
universe which belongs to the family of solutions presented by Vaidya. In this spacetime the
black hole is well dened as the Killing horizon. However, the nature of the interior of the
black hole is not entirely clear. Furthermore, it is not obvious a priori whether the exterior
can be matched smoothly to the Schwarzschild vacuum across the black hole surface. We have
shown that this is possible by carrying out this matching using Kruskal coordinates in the two
regions. Similarly we have matched the spacetime to the Einstein universe at the other end.
This provides a composite model of a black hole in a non-flat background.
In the spacetime considered above, dierent phenomena may be studied and compared
to their counterparts in the gravitational eld of an isolated Schwarzschild black hole. As
an example, we have briefly discussed the behaviour of scalar waves. The spacetime being
considered proves to be stable against scalar perturbations as is the Schwarzschild vacuum
exterior. This is true of the Einstein universe as well. However, whereas the Schwarzschild
spacetime is stable against gravitational perturbations, the Einstein universe is not. It would
be quite interesting to see whether the spacetime we have considered, which involves both of
the above ones, is gravitationally stable or not. Even if the model presented here is unrealistic,
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